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Abstract: We explore the geometric phase in M = (2,2) supersymmetric quantum 
mechanics. The Witten index ensures the existence of degenerate ground states, re- 
sulting in a non-Abelian Berry connection. We exhibit a non-renormalization theorem 
which prohibits the connection from receiving perturbative corrections. However, we 
show that it does receive corrections from BPS instantons. We compute the one- 
instanton contribution to the Berry connection for the massive CP 1 sigma-model as 
the potential is varied. This system has two ground states and the associated Berry 
connection is the smooth SU(2) 't Hooft-Polyakov monopole. 
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1. Introduction 

The purpose of this paper is to explore the geometric phase — or Berry's phase - 
among the ground states of quantum mechanical systems exhibiting Af = (2,2) su- 
persymmetry. Our goal is to show that Berry's phase and supersymmetry are natural 
bedfellows: the Berry connection is protected by a perturbative non-renormalization 
theorem, but receives corrections from BPS instantons. 

Berry's phase governs the evolution of a quantum state as the parameters of the 
system are varied adiabatically [1, 2, 3]. Consider a Hamiltonian H{m) depending on 
the collection of parameters m E M. We focus on the fate of the N ground states 
of the system, spanned by the basis \ip a (m)), a = 1, . . . , N. As the parameters vary 
adiabatically along a closed path r in A4, the ground states return to themselves up 
to a U (N) rotation, 




(1.1) 
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where the u(N) valued Berry connection over M. is defined by 

d 

A ab = i(if b \ — \^ a } . (1.2) 

The canonical example of an Abelian Berry's phase arises for a spin 1/2 particle in a 
magnetic field B 

H = B ■ a (1.3) 

where a are the Pauli matrices and the magnetic field B e R 3 plays the role of the 
parameters m. It is a simple matter to compute the Abelian Berry connection A for 
the ground state of this system [1]: it is the connection of a Dirac monopole 1 , with field 
strength 

***=W (1.4) 

— * 

The curvature singularity at B = reflects the fact that the spin-up and spin-down 
states become degenerate at this point. Indeed, the Dirac monopole provides a good 
approximation to Berry's phase in the vicinity of any two-state level crossing. However, 
in more complicated quantum mechanical systems, far from the degenerate point, it 
is typically difficult to compute the Berry connection since exact expressions for the 
ground states appearing in (1.2) are rarely known. In this paper we shall show that the 
Berry connection is exactly computable in quantum mechanical systems with Af = (2, 2) 
super symmetry. 

The parameters that we will focus on are a triplet of masses m = (m 1? m<i-,vnj) 
that exist in supersymmetric quantum mechanics. Af = (2, 2) supersymmetry can be 
thought of as the dimensional reduction of Af = 1 supersymmetry in four dimensions, 
and the masses rh arise as background values for the spatial components of the four- 
dimensional gauge field 2 . The fact that the masses m parameterize R 3 , just like the 
magnetic fields of the simple Hamiltonian (1.3), is no coincidence: the Berry connections 
that we will find will be variants on the theme of the monopole. 



*As pointed out in [4], the first appearance of the Dirac monopole was actually in the context of 
the Born-Oppenhcinier approximation for diatomic systems, in what is now recognised as a Berry 
connection. This was some two years before Dirac's work and more than fifty years prior to Berry. 
The monopole tourist can view this connection as the cos 6* term in equation (15) of [5]. 

2 The parameters rh would not respect Lorentz invariance in four-dimensional theories, which is the 
reason they are perhaps less familiar than holomorphic parameters which appear in the superpotential. 
The triplet of masses in quantum mechanics is cousin to the real mass in three dimensions [6] and the 
complex twisted mass in two dimensions [7]. 
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The paper is organized as follows. In Section 2, we describe some general properties 
of Af = (2, 2) quantum mechanics, including the multiplet structure, Lagrangians, 
symmetries and the space of parameters. Sections 3 and 4 contain the computations of 
Berry's phase. Section 3 deals with systems with a single ground state. We present a 
non-renormalization theorem, previously derived by Denef [8], which protects Berry's 
phase from receiving perturbative corrections. This allows us to find exact expressions 
for Berry's phase in complicated systems, far from level crossing points. In each case, 
the Berry connection is simply a sum of Dirac monopoles. 

In Section 4 we turn to the more interesting situation with N > 1 ground states and 
study the corresponding U(N) Berry connection [3]. The Witten index of supersym- 
metric systems [9] provides a natural mechanism to ensure the degeneracy of ground 
states over the full range of parameters. This mechanism is qualitatively different from 
the coset construction [3] or Kramers degeneracy [10] that has previously been used 
in the study of non-Abelian Berry's phase and, in recent years, has found application 
in condensed matter systems [11, 12, 13] and quantum computing [14, 15]. Our focus 
will be on the simplest supersymmetric system admitting two ground states: the CP 1 
sigma-model with potential governed by me R 3 . We show that BPS instantons carry 
the right fermi zero-mode structure to contribute to the off-diagonal components of 
the non-Abelian Berry connection, and we perform the explicit one-instanton calcula- 
tion. One of the interesting features of this calculation is that, despite super symmetry, 
the non-zero modes around the background of the instanton do not cancel. We show 
that the Berry connection for the CP 1 sigma-model is the SU(2) 't Hooft-Polyakov 
monopole which, at large distances, looks like a Dirac monopole, but with the singu- 
larity at the origin resolved by instanton effects. 

The literature contains a few earlier discussions of the relationship between Berry's 
phase and supersymmetry. The tt* equations of [16, 17, 18] apply in the context of 
Af = (2, 2) quantum mechanics, and deal with the Berry connection as the complex 
parameters of the superpotential are varied. This is in contrast to the present paper 
where we vary the triplet of vector multiplet parameters. The difference is somewhat 
analogous to the distinction between the Coulomb branch and Higgs branch in higher- 
dimensional theories and we shall make this analogy more complete in Section 2.1. A 
discussion of Berry's phase that is more closely related to the present paper appeared 
in the context of the matrix theory description of a D2-brane moving in the background 
of a D4-brane [19]. The calculation of [19] is essentially identical to that of Section 3.1. 
In a companion paper [20] we will describe a somewhat different non-Abelian Berry's 
phase that occurs for a DO-brane moving in the background of a D4-brane. 
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Note Added: Several aspects discussed in this paper have been clarified in later 
work. In [21], we showed that the the exact non-Abelian Berry connection discussed 
in Section 4 is the BPS 't Hooft-Polyakov monopole. Moreover, in [22] we showed that 
the Berry phase that arises from varying vector multiplet parameters always solves the 
Bogomolnyi monopole equations. 

2. Supersymmetric Quantum Mechanics 

Quantum mechanics with M = (2,2) supersymmetry follows from the dimensional 
reduction of Af = 1 supersymmetric theories in four dimensions. The superalgebra has 
four real supercharges and is sometimes referred to as iV = 4A supersymmetry 3 . The 
supercharges form a complex doublet Q a = (Q-, Q+) with the supersymmetry algebra 
given by, 

{Q a ,Q ( 3} = {Q a ,Q ( s} = , {Q a , Qp} = 2H5 a/3 + 2a a/3 ■ Z (2.1) 

The triplet of central terms Z can be thought of as the momentum in the three reduced 
dimensions. The automorphism group of the algebra is 

R = SU(2) R xU(l) R , (2.2) 

under which the supercharges Q transform in the 2 + i representation, while the central 

— * 

charges Z transform as 3 - We start with a brief review of the different supersymmetric 
multiplets that we will make use of; for the most part these are familiar from other 
theories with four supercharges. 

Vector and Linear Multiplets 

The Abelian vector multiplet V contains a single gauge field Aq. In quantum mechanics 
its role is to impose the constraint of Gauss' law on the Hilbert space. The propagating 

— * 

degrees of freedom consist of three real scalars X that arise from the dimensional 
reduction of the four-dimensional gauge field, and a pair of complex fermions A±. There 

— # 

is also an auxiliary field D. Under the R-symmetry, X transforms in 3o while A 
transforms in 2 + ±. We will usually write A = (A_, A + ) T . 

In higher-dimensional theories, it is useful to consider the gauge-invariant multi- 
plet, which contains the Abelian field strength as opposed to the gauge potential 4 . In 

3 In contrast, N = AB supersymmetry descends from TV = (0,4) theories in two dimensions. 

4 For example, in four dimensions the field strength is contained in the chiral multiplet W a — 
DDD a V: in three dimensions one may dualize the Abelian vector multiplet for a linear multiplet 
defined by J — e af3 D a DpV; while in two dimensions the relevant object is the twisted chiral multiplet 
S = D+D-V. 



4 



quantum mechanics, the analogous object is a triplet of linear multiplets £ [23, 24], 




The kinetic terms for the vector multiplet are given by 




(2.3) 



In non-relativistic quantum mechanics, the coefficient 1/g 2 should be thought of as 
the mass of a particle moving in the X direction; nonetheless we continue to use the 
notation of coupling constants more appropriate to higher dimensional field theories. 

Chiral Multiplets 

The chiral multiplet $ is familiar from four dimensions and so we will be brief. It 
contains a complex scalar <fi and a pair of complex Grassmann fields ip± which we again 
write as ip — (if}-,ip + ) T . There is also the complex auxiliary field F. The scalars <fi are 
invariant under SU(2)r, while the fermions are doublets. For a chiral multiplet with 
charge q under the U(l) vector multiplet, the Lagrangian is given by 



V t <\>\ 2 + i>{iV t -X-a)iP + \F\ 2 + gD|0| 2 - g 2 X 2 |0| 2 - iV2q(^e a ^ a X p - h.c.) 



models [25], built from a single U(l) vector multiplet coupled to some number of chiral 
multiplets. 

2.1 The Parameter Space 

The Berry connection is a gauge connection over the space of parameters M. of the 
theory. Supersymmetric quantum mechanics has a number of different parameters, 
which can be considered as background fields living in different supermultiplets. 

As is familiar from many contexts, complex parameters that appear in the superpo- 
tential lie in background chiral multiplets. Just as in higher-dimensional field theories 
[26], certain properties of the quantum mechanics depend analytically on these pa- 
rameters. For example, this holomorphic dependence is behind the tt* equations of 
[16]. We can introduce a complex mass parameter \i of this type only if we have two 
chiral multiplets, $ and $, carrying opposite gauge charge. We can then write the 
gauge-invariant superpotential, 




(2.4) 



with T> t (f) = <p — iqAo<f). In this paper we will work with Abelian gauged linear sigma 



(2.5) 
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A second class of parameters lives in the linear multiplets S. These are the triplet of 
mass parameters described in the introduction. They are associated to weakly gauging 
a U(l)p flavour symmetry of the quantum mechanics and, unlike the complex mass 
parameter /i, can be assigned to a single chiral multiplet $, 

L mass = J d 4 9&exp(9m-a9)<5> = \<p\ 2 + - m 2 \<p\ 2 - 4>(m ■ a)ip (2.6) 

Here m — \rh\. If $ also carries charge q under the U{1) gauge multiplet, the mass 
terms are given by (qX — m) 2 \(p\ 2 , with similar expressions for the fermions. 

An important feature of these parameters is that it may not be consistent with 
supersymmetry to turn on ji ^ and m ^ at the same time. This can be most simply 
seen by viewing m and fi as dynamical background supermultiplets. To illustrate this, 
consider the theory with two chiral multiplets $ and $ of gauge charge +1 and — 1 
respectively. One may introduce a triplet of masses m by weakly gauging the U(l)p 
global symmetry under which both $ and $ have charge +1. This will give rise to 
masses, 

(X-m) 2 |0| 2 + (X + m) 2 |0| 2 (2.7) 
However, invariance of the superpotential (2.5) 

under (' ( 1 ) /. requires that // carries charge —2. "^^^^^^^ Higgs Branch 

mi • • -i villlllllW of parameters 

lms results m the further contribution to the " 
potential energy 4m 2 |/i| 2 which gives a non-zero 
ground-state energy, and hence breaks supersym- 
metry, if both fh and \i are non- vanishing 5 . This 
kind of behaviour is very familiar for dynamical 
fields where it gives rise to the usual distinction 
between the Coulomb branch and Higgs branch Figure 1; The parameter space of the 
of vacua. Here we see the same phenomenon at sup ersymmetric quantum mechanics, 
play in the space of parameters, rather than the 

space of vacua. We use the same nomenclature. The space of parameters of the theory 
is depicted in the figure: \i provides a coordinate for the Higgs branch of parameters, 
while m provide coordinates on the Coulomb branch. In this paper, we will focus on 
the Berry connection over the Coulomb branch of parameters. 

There are two further parameters of interest. We have already seen the gauge cou- 
pling constant g 2 in the vector multiplet Lagrangian. We may also introduce a real 
Fayet Iliopoulos (FI) parameter r by the SU(2) R invariant integral, 




d9Bd9-t = rD (2.8) 



5 Another way to see this is that the fermion ( which sits in the background chiral multiplet with 
H has a non-zero transformation under supersymmetry, 8C, = ie(m ■ tr)/z, and cannot be set to zero. 
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3. Abelian Berry's Phase 



In this section we discuss Berry's phase in systems with a single ground state. We 
start with the simplest occurrence of Berry's phase: a free chiral multiplet $ with the 
mass triplet m. Since this will provide the "tree-level" approximation to Berry's phase 
in more complicated systems, we spend some time describing this basic set-up from 
both the Hamiltonian and the Lagrangian viewpoints. The latter will provide a useful 
spring-board to discuss Berry's phase in interacting theories. 

3.1 Berry's Phase in a Free Theory 

Using the spinor notation ip T = (■?/>_,?/>+)> the Lagrangian for a free chiral multiplet $ 
with mass m is, 

Lfree = |0| 2 + i^lp ~ |0| 2 — ^{fh ■ (j)lp . (3.1) 

Note that the fermion mass term is reminiscent of the simple Hamiltonian (1.3) de- 
scribed in the introduction. This term will indeed be responsible for Berry's phase. 

We pass to the Hamiltonian formalism by introducing the canonical momenta n = 
<ft and the Fermionic conjugate momenta dL/dip = —iip, giving us a Hamiltonian 
consisting of a two bosonic and two fermionic harmonic oscillators, 

H = |tt| 2 + m 2 |0| 2 + i)(m ■ a)ip (3.2) 

We now quantize this theory using the canonical approach. We use the usual Schrodinger 
representation for the bosonic fields, 

d 

[(/),rr]=i n = -i— (3.3) 

while the fermionic anti-commutation relations {ip, ifj} = 1 are implemented by defining 
a reference state | 0) annihilated by ip: \ 0) = 0) = 0. We then form a basis of 
the fermionic Hilbert space by acting on | 0) with the creation operators ifj± to form 
the four states, 

|o> , ^ + |o) </qo> , ^M_|o) (3.4) 

We focus on the fermionic part of the Hamiltonian, 

Hp = i)(m ■ a)ip (3.5) 

The top and bottom states are both excited states in the Hilbert space: they have 
H F \ 0) = H F ^ + tl>_ \ 0) = so that, once dressed with the ground state of the complex 
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boson 0, they have energy +m. Here we focus on the ground state of the system 
which lies in the two-dimensional fermionic Hilbert space 7i 2 spanned by i/>±| 0). The 
fermionic Hamiltonian (3.5) acts on this space as, 

H F = rh ■ a (3.6) 

H F has eigenvalues ±m. The fermionic ground state | Q) satisfies H F \ fi) = —m\ il) 
so that, once dressed with the bosonic ground state, it yields a state with vanishing 
energy as expected in a supersymmetric system. 

The Hamiltonian (3.6) acting on the ground state coincides with that of a spin 1/2 
particle in a magnetic field (1.3). Correspondingly, the Berry connection of the ground 
state as the parameters rh are varied is given by the Dirac monopole. To give an 
explicit form of the connection, we should first pick a gauge which, in this context, 
means reference choice of ground state — including the phase — for each rh. To this 
end, we define the projection operator onto the ground state 

P-i(l-£.») (-J 

Then we define the phase of our reference ground states to be that of the (un-normalized) 
state P_ ■*/>_)_ | 0), which is valid everywhere except along the half-line rh = (0, 0, — m) 
where the ground state is orthogonal to 0). As a result, the Berry connection 
has a Dirac string singularity along this axis. The Berry connection is A — 
It is a simple matter to compute the explicit connection which is given by the Dirac 
monopole. In Cartesian coordinates, it is 

A Dimc = \ ^' = 1 > 2 and ^? imc = (3.8) 

2m(m + m 3 ) 

For a closed, adiabatic variation of the parameters rh, the Berry phase is the then given 
by the integral of this connection so that 

\n) ^exp^-i <j> A-drhj\n) (3.9) 

3.2 The Born-Oppenheimer Approximation 

One man's fixed parameter is another's dynamical degree of freedom. This is the essence 
of the Born-Oppenheimer approximation in which the "parameters" of the model are 
not really fixed, but merely slowly moving degrees of freedom. We may endow the 
parameters rh with dynamics by introducing the canonical kinetic terms 

L m = ^rh 2 (3.10) 
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The Born-Oppenheimer approximation is then valid if e 2 <C (m) 3 . This ensures that 
the fields have high frequency and may be treated in a fixed m background. From a 
modern perspective, this is equivalent to the Wilsonian approach to quantum mechan- 
ics, in which the fast moving <f> degrees of freedom are integrated out. (Note, however, 
that in quantum mechanics the fast moving degrees of freedom are the physical light 
particles, while in field theory they are the virtual heavy particles) . As in field theory, 
the Born-Oppenheimer- Wilson framework is ideally suited to working in the language 
of path integrals and effective actions rather than Hamiltonians [27, 28]. In this section 
we show how to reproduce the Berry's phase from this perspective. 

We wish to integrate out the <fi and ip fields in (3.1) in the background of time 
varying parameters m(t). This results in contributions to the effective action for m. 
The contribution from the bosons is given by 

C hosc = logdet — ^ (3.11) 

V °t m o J 

where the vacuum value for the masses may be taken to be rh = ^ dtm(t). The 

determinant may be easily computed as an expansion of m. The first two terms are 
given by 

-» 2 
171 

£bosc = -m + -^—^ + ... (3.12) 

Here the first term corresponds to the usual zero-point energy of 0, while the second 
term can be interpreted as a finite renormalization of the kinetic term 1/e 2 — > 1/e 2 + 
l/4m 3 . 

The contribution from the fermions ip is given by the determinants 

£ teml= -logdet ( td -"' n ^-f ) (3.13) 

These determinants include the Berry phase, as first shown by Stone [29]. The sim- 
plest way to see this is to recall that the determinants compute the vacuum-vacuum 
amplitude. To leading order, this includes the dynamical phase e l J dtm ( t ) and the Berry 
phase e l I dtA -' m , This translates into an effective action, 

£fermi = + m + A(™) " ™ + ■ ■ ■ (3-14) 

The first term is the zero point energy of a Grassmannian variable and cancels the 
contribution in (3.12) as expected in a supersymmetric theory. The Berry connec- 
tion appearing in the second term is the Dirac monopole (3.8). There is no further 
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renormalization to the kinetic terms from the fermions. In summary, the effect of 
these simple one-loop computations in quantum mechanics is to provide an effective 
low-energy dynamics of the parameters m which, up to two derivatives, is given by 

L eff = l.m+^ + -LW + ... (3.15) 



2e 2 8m 3 / 

with the first term identified as the Berry connection. 
The Supersymmetric Completion 

As we reviewed in Section 2.1, the parameters rh can be thought of as living in a 
supersymmetric vector multiplet V. As well as the three parameters rh, this multiplet 
also contains a gauge field u, an auxiliary scalar D and two complex fermions r)±. If 
we are to apply the Born-Oppenheimer approximation in a supersymmetric manner, 
the kinetic terms (3.10) must be accompanied with suitable terms for the other fields 
in the multiplet, together with further Yukawa coupling interactions. For e 2 7^ 0, the 
Lagrangian (3.10) should be replaced by, 

L ™ = ^ 2 + ^V + ^D* (3.16) 

while (3.1) is now generalized to include interaction terms between the chiral multiplet 
and vector multiplet fields, given by (2.4) with X replaced by the parameter rh, and A 
replaced by 77. In the Born-Oppenheimer approximation, we once again should integrate 
out the chiral multiplet in the regime e 2 <C (m) 3 . We now search for an effective action 
for the vector multiplet that itself preserves supersymmetry. Such an action was derived 
by Denef in [8]. (As action of the same form was also derived previously by Smilga 
in the study of the zero mode dynamics of SQED [30, 31]. Integrating out the chiral 
multiplets gives the supersymmetric completion of the Berry term, 

C Beay = A-^-± i D + f}^ V (3.17) 
This Lagrangian is invariant under the supersymmetry transformations, 

5u = ifj^ — i^rj 

5rh = ifja^ — i^(rr] (3.18) 
5rj = rh ■ <t£ + iD^ 
SD = -fj£ - It) 

One of the consequences of supersymmetry is that the presence of kinetic terms for 
parameters also introduces new interaction terms. These are written in equation (2.4) 
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and they further affect the dynamics of the theory. For example, the D-term interactions 
in (2.4) give rise to a one-loop potential over the parameter space. This is then captured 
in the effective theory (3.17) by the D-term which gives rise to the potential, 



where we have invoked the coupling renormalization (3.15). Thus the true supersym- 
metric vacuum lies at m — > oo. One may wonder whether these interactions also change 
the Berry connection, which was computed in the strict e 2 = limit. In principle there 
could be e 2 /m 3 corrections to the connection. The fact that this cannot happen follows 
from a non-renormalization theorem proven by Denef [8] . He considered the most gen- 
eral Lagrangian containing a single time derivative and fermi bi-linear terms, consistent 
with the SU(2) R symmetry of the model, 



ric places strong constraints on these functions. The supersymmetry transformations 
(3.18) are dictated (at this order) by the superspace formulation [24]. Invariance of the 
Lagrangian then requires, 



Allowing for singular behaviour at the origin, the most general spherically symmet- 
ric solution to these constraints is the Dirac monopole connection (3.8). This is the 
promised non-renormalization theorem for the Berry connection. We will now apply 
this to compute Berry's phase in more complicated, interacting theories. 

3.3 Berry's Phase in Interacting Theories 

We now turn to interacting theories where more complicated Berry's connections may 
be expected. In this section we restrict to theories with a single ground state, ensuring 
an Abelian Berry connection. We will treat the more interesting theories with multiple, 
degenerate ground states in the following section. 

We consider the U(l) gauge theory with two chiral multiplets $ and 4> of charge +1 
and —1 respectively. This is the dimensional reduction of Af = 1 SQED. The bosonic 
part of the Lagrangian is given by, 



L = ^X 2 + \V t 4>\* + |P t 0| 2 - X 2 (|0| 2 + |0| 2 ) - |(|0| 2 - |0| 2 - r) 2 (3.22) 




(3.19) 



C = A(m) ■ rh — U (m)D + C (m)r)r) + r]C (m) • arj (3.20) 

— * — * 

with arbitrary functions A, U, C and C . Requiring that this action is supersymmet- 



C = VU = V x A and C = 



(3.21) 
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Note that we have introduced a FI parameter r > 0. Although the vector multiplet 

— * 

scalars X look ripe to treat in the Born-Oppenheimer approximation, we will not do 
so here; instead we take the limit g 2 — > oo where the theory reduces to a gauged linear 
sigma-model with target space defined by the D-flatness conditions, 

I0| 2 -|0| 2 = r (3.23) 

modulo the gauge action — > e' ta (f) and — > e~ ia <fi. Asymptotically this is the cone 
C/Z 2 . The conical singularity is resolved by the FI parameter r > 0. Since we are 

— * 

not treating X as the parameters for Berry's connection, we must introduce different 
parameters. We will do that now. 

The Parameter Space 

We wish to introduce a potential on the target space. As discussed in Section 2.1, there 
is a Higgs branch and Coulomb branch of parameters for this model. The physics on 
these two branches is very different. 

Moving on the Higgs branch of parameters requires us to introduce the gauge invari- 
ant superpotential W = When /i ^ 0, there is no simultaneous solution to the 
D-term constraints (3.23) and the F-term constraints = = 0, and supersymmetry 
is spontaneously broken. 

Moving on the Coulomb branch of parameters introduces the triplet of masses m 
arising from weakly gauging the U(l)p flavour symmetry of the model, under which 
$ — > e ia< 3> and $ — > e ia &. The masses sit in the Lagrangian by replacing the X 2 (|0| 2 + 
|0| 2 ) term in (3.22) by (2.7). In contrast to the complex mass, the presence of m does 
not break supersymmetry. The theory has a unique classical ground state given by 

X = m , |0| 2 = r , = (3.24) 

This behaviour is consistent with the Witten index because the point /i — m — 
is singular: here the potential on the non-compact vacuum moduli space vanishes, 
allowing the ground state wavefunction to spread into the asymptotic regime of C/Z2 
and become non-normalizable. At this point, the zero-energy state exits the Hilbert 
space of the theory and the theory breaks supersymmetry. 

Berry's Phase 

On the Coulomb branch of parameters, the dimensionless coupling for our massive 
sigma model is 1/mr. For mr ^> 1, the ground state wavefunction is restricted to a 
region of field space much smaller than the curvature of the target space, and is well 
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approximated by the free theory described in Section 3.1. The Berry connection for 
the ground state is, to leading order, described by the Dirac monopole (3.8). However, 
we naively expect corrections to the Berry connection, which can be computed pertur- 
batively in 1/mr, as the ground state wavefunction begins to feel the curvature of the 
target space. The fact that such corrections cannot occur has nothing to do with the 
super symmetric non-renormalization theorem, but instead follows from the fact that 
the quantized flux emitted from the singularity is conserved as one moves in parameter 
space. This ensures that any corrections to the curvature are solenoidal in nature. Yet 
there are no such corrections consistent with the 5*0(3) rotational symmetry of the 
problem. 



3.3.1 Further Examples 

It is a simple matter to cook up related models with a single ground state without 
SO (3) symmetry. We could consider the gauged linear sigma model built from U(l) 
with a single chiral multiplet <3> of charge +1 and M chiral multiplets of charge — 1. 
The D-term constraint is 



M 



= r 



(3.25) 



i=i 



We endow <3> with the triplet of masses m, 
and each $j with masses m 8 . For r > and 

— * 

rh 7^ rhi, the theory has a unique classical 
ground state given by X = rh and |0| 2 = r 
with (pi = 0. For the present purposes we 

— # 

will fix rhi an d ask about the behaviour of 
the ground state as we vary rh. We expect 
M singular points, lying at rh = rhi, at which 
a branch of Higgs vacua emerges. Alterna- 
tively, we can view these as points where a 
new Higgs branch of supersymmetric param- 
eters is admitted, corresponding to a superpotential W 
space of the theory looks like that shown in Figure 2. 




Figure 2: The parameter space with mul- 
tiple chiral multiplets. 



/Zi<3>i<I>, so that the parameter 



Now the symmetries of the problem are not sufficient to rule out general solenoidal 
contributions to the Berry connection. However, the non-renormalization theorem of 
the previous section is: we may integrate out all fields to derive an effective action for 
the parameters rh which is of the form (3.20). The constraints (3.21) are now satisfied 
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by a superposition of Dirac monopoles, lying at positions rh = rhi, 

M _ S 

_ t 777. — m; .„ 

VxA = E^ — ^ ( 3 - 26 ) 

In summary, the restriction of supersymmetry requires that the Berry's phase does not 
receive any corrections from its simple "tree-level" value and, even in the full interacting 
theory is still given by the Dirac monopole. While it is pleasing to be able to make 
precise statements about objects in interacting quantum mechanics it is, nonetheless, 
a little disappointing that the object is not particularly novel. In the next section we 
will instead turn to a situation where a more interesting Berry connection emerges. 



4. Non-Abelian Berry's Phase 

Supersymmetry provides a natural arena in which to study non-Abelian Berry's phases. 
Unlike previous examples [3, 10], the the degeneracy of ground states is dictated not by 
a symmetry, but rather by an index. In this section we discuss a simple supersymmetric 
system with two ground states. We compute the U(2) Berry connection over the R 3 
parameter space. We show that it is given by a smooth 't Hooft-Polyakov monopole. 

4.1 The CP 1 Sigma Model 

Our simple model is supersymmetric quantum mechanics with CP 1 target space and a 
potential. We construct this target space from a gauged linear theory with U(l) gauge 
group and two chiral multiplets, both of charge +1. The bosonic part of the Lagrangian 
is given by, 

L = ^ + £ \VM 2 -(X- m,) 2 !^! 2 - y (I0i| 2 + M ~ rf (4.1) 
^ i=i 

In the limit g 2 — > oo, the D-term restricts us to S 3 defined by, 

I0i| 2 + I0 2 | 2 = r (4.2) 

Further dividing by gauge transformations (pi — > e ia <pi leaves us with the target space 
CP 1 = S 2 . The triplets of mass parameters rhi induce a potential on this space. By a 

— * 

suitable shift of X we may choose 

rhi = —7772 = 771 (4.3) 

We are interested in computing the Berry connection that arises as we adiabatically 
vary rh. (The CP 1 model was also the system in which the tt* equations were first 
applied to compute Berry's phase, this time as the complexified Kahler class t = r + i9 
of the d—1 + 1 dimensional theory is varied [18]). 
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In the absence of masses to, the model admits an SU{2)p global symmetry, trans- 
forming 4>i in the doublet representation. This is simply the isometry of the CP 1 target 
space. The masses can be thought of as living in a background vector multiplet for 
SU{2)p and therefore transform in the adjoint representation. Since m also trans- 
forms in the 3 of SU(2) R , it breaks the non-Abelian global symmetries to their Cartan 
subalgebra 6 

m : SU(2) F x SU(2) R -> U(1) F x U(1) A (4.4) 

The global U(1)f symmetry acts on the bosons as 0i — > e ld 4>i and 2 — > e~ l6, 2 and 
will play a role in the discussion of instantons. For non-zero to, the theory has two, 
isolated, classical vacua. They are 

• Vacuum 1: X — m with |0i| 2 = r and 2 = 0. 

• Vacuum 2: X = —m with 0i = and |0 2 | 2 = r. 

The Witten index ensures that both of these vacua survive in the quantum theory 
[9]. This introduces yet another U(2)q symmetry, which is the gauge symmetry ro- 
tating these ground states in the quantum theory. This is the reason that our Berry 
connection is, a priori, a £7(2)-valued object over R 3 . However, in this case there 
exists a distinguished basis of ground states, given by the eigenstates under U(l)p- 
(In fact, U(1)a would do equally well for these purposes). The fact that the ground 
states carry different quantum numbers under U(1)f/a leads to "spontaneous breaking" 
of the U(2)a symmetry to the Cartan subalgebra, which can then be identified with 
U(1) R x U(1)f- Note that at the origin of parameter space m — 0, there is no breaking 
(4.4) and, correspondingly, no way to distinguish the two ground states; here U{2)q 
remains unbroken. 

Berry's Phase 

The dimensionless coupling of our model is 1 / tut. In the limit mr ^> 1, the physics 
around each vacuum is described by a single, free chiral multiplet and, to leading order, 
the ground state is simply Gaussian. In vacuum 1, <f>i is eaten by the Higgs mechanism 
and the remaining dynamical field is $ 2 , with mass +2rh. As explained in Section 3.1, 
the U(l) Berry's connection for this vacuum is the Dirac monopole connection ^f Dirac . 
In contrast, in vacuum 2 the free chiral multiplet is $i with mass —2m and the Berry 

6 The subgroup U{1)a C SU(2)r may be identified with the axial U(1)a symmetry in two- 
dimensional Af = (2, 2) theories. 
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connection is — A Dira,c . Putting these two results together, the leading order U(2) Berry 
connection is given by 

A = A Dirac a 3 (4.5) 

which, in fact, lies in 577(2) rather than £7(2). This connection inherits the Dirac string 
singularity along the rh = (0, 0, — ra) half-axis. However, as is well known, one may 
eliminate this through the use of a singular SU (2) gauge transformation, 

U = ex P Z / o ( 4 - 6 ) 



2/ 



m 2 — ms 



under which the Dirac monopole-anti-monopole pair (4.5) becomes = UA^U^ — 
i(d^U)U^ which takes the rotationally symmetric form, 

~ 777 

K = W ^ (4-7) 

As is clear in this gauge, the U (2) G gauge symmetry of the ground states is locked with 
the SU(2) R symmetry rotating rh. 

Equation (4.7) is the leading order form of the Berry connection, valid in the regime 
mr 3> 1. Like the Dirac monopole, it is singular at mr = 0. In the Abelian case, this 
singularity reflected the existence of a new ground state. Does a similar phenomenon 
occur in the non-Abelian case? In fact, it cannot. When rh = 0, we have the usual 
CP 1 sigma-model without potential. Witten showed many years ago that the vacuum 
states of this model correspond to the cohomology 7 of CP 1 [9]: there are precisely 
two ground states at mr = 0. Since there is no extra degeneracy in the ground state 
spectrum, there should be no singularity in the Berry connection. We conclude that 
the Berry connection in the full theory must take the form, 

~ 777 

^, = W^(1-/W) ( 4 - 8 ) 

where the structure is fixed by SU (2) covariance, and the profile function has asymp- 
totics 

j mr — > oo 

/(""•) -M. n ( 4 -9) 

mr — > 




7 In making the map to cohomology for a non-linear sigma-model, one usually chooses the SU(2)r 
violating quantization condition 4>+i\0) — 4>-i\0) — 0, with the map of creation operators to differential 
forms: i/>+i — > dli and ip-i — > (— l) N dz t . Here wc have instead quantized in a manifestly SU(2)r 
invariant fashion, with ipi+\0) — ipi-\0) = 0. The quantum physics remains unchanged, but the map 
to cohomology requires alteration. This is the reason that the ground states of our model have a single 
fcrmion excited, while the cohomology of CP 1 is even. 
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This is precisely the form of the 't Hooft-Polyakov monopole [32, 33]. It remains to 
determine the function f(mr). In the previous Section we showed that there are no 
perturbative corrections to the Berry connection. We will now show that the relevant 
corrections are BPS instantons. 

4.2 Instantons 

In supersymmetric quantum field theories, the objects that receive contributions from 
BPS instantons are typically rather special: they are protected "BPS" quantities that 
have been much studied over the past decade or more. In theories with M = (1, 1) 
super symmetry, Witten famously showed that BPS instantons tunnel between vacua 
with Morse index differing by one; they play a crucial role in deriving the strong 
form of Morse inequalities [34]. However, the question of which physical quantity 
receives instanton corrections in quantum mechanics with extended supersymmetry 
has not been satisfactorily answered. Here we show that, in the case of Af = (2,2) 
supersymmetry, the relevant object is the Berry connection. 

The Instanton Equations 

Kinks in the CP 1 sigma model with potential were first discussed in [35]. To derive 
the first order equations obeyed by the kinks, we first Wick rotate to Euclidean time 
r = —it. For simplicity, we choose the masses to be aligned along m = (0,0,m). The 

— # 

kink profile then takes the form X = (0,0, X(t)). The bosonic part of the Euclidean 
action can then be written as, 

Se = 



I dT -L(9 T X) 2 + J2 \ V M 2 + (X- m,) 2 ^ 2 + 9 -m 2 + I0 2 | 2 - r) 2 
J 9 i=1 

= J dr ^- 2 (d T X - /(l^l 2 + |0 2 | 2 - r)) 2 + (^XXI^I 2 + |0 2 | 2 - r) 

+ \ V r<t>i -(X- m,)^! 2 + (V^ 4>\{X - rm) + h.c.) (4.10) 

i 

Integrating the last term by parts partially cancels the other cross term, and provides 
the Bogomolnyi bound for the kink, 

/+oo 
drd T X = 2mr (4.11) 
-oo 

where the boundary conditions are chosen such that the kink interpolates from vacuum 
1 to vacuum 2 as r increases, i.e. 

I — m r — > +oo 
X -> { (4.12) 
+m t — > — oo 
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The bound on the action (4.11) is saturated when the Bogomolnyi equations for the 
kink are satisfied, 



d T X = g 2 (\<p l \ 2 + \<p 2 \ 2 -r) 

V T fa = (X- m,)0, (4.13) 

While analytic solutions to these equations are not known for general finite g 2 , it is a 
simple matter to solve them in the g 2 — > oo limit (see, for example, [37]) where the 
U(l) gauge theory reduces to the CP 1 sigma-model. 

Fermions 

The crux of the instanton calculation lies, as always, in the fermion zero modes. After 
Wick rotation the equations of motion for the fermions take the form 

= (4.14) 

where, in the vacuum m ; = (0, 0, m^) with the ansatz X = (0, 0, X), the Dirac operators 
take the form 





M -iyfth \ A t = (-M -iyfak ) (415) 

iy/24>i -V T + (X - m t ) J ' \iV2~4>i V T + {X-mi)J 

One can check that A has zero modes, while has none. (For example, AA^ is a 
positive definite operator, with the off-diagonal components vanishing on the instanton 
equations (4.13)). This ensures that the kink has two fermionic zero modes, carried by 
the pairs (A_,^ i+ ) and (A + ,^j_). 

The existence of these fermi zero modes guarantees that the instantons do not lead to 
tunnelling between vacuum states, but instead contribute only to two-fermi correlation 
functions. We now show that these correlation functions can be identified with the 
Berry connection. With fn = (0,0, m), the first vacuum state is given by |1) = ■0 2 +|O). 
From this, we write the variation of this vacuum state as we change rh, 

d mi \l) = -td m2 \l) = ^ 2+ ^ 2 _\l) , «9 m3 |l) = (4.16) 

2m 

where all derivatives are evaluated at m — (0, 0, m). The off-diagonal components of 
the non-Abelian Berry connection at this point are therefore given by, 

(Ai)i 2 = -i(A 2 )i 2 = -^-(2|^2_^|l> , (4012 = (4.17) 

2m 
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But, from the zero- mode analysis above, this matrix element receives contributions 
from instantons. It is worth commenting on the symmetries at this point. The ground 
states |1) and |2) carry charge +1 and —1 respectively under U(1)a- This alone ensures 
that their overlap is vanishing (1|2) = 0. However, the zero modes of the instanton 
also carry U{1)a charge 2, so that the matrix element arising in Berry's phase can be 
non-zero. 

We now compare this to the rotationally symmetric form of the gauge connection 
(4.8). Performing the inverse gauge transformation (4.6), we find that the subsequent 
connection at the point rh = (0, 0, m) is 

f 

Al= 2^ €i3(Tj i ' J = 1 ' 2 and As = ( 418 ) 

Comparing these two equations, we see that the instantons indeed contribute to Berry's 
phase. The leading order correction to the asymptotic profile of the monopole is given 
by the matrix element 

/= (Sfe-^+ll) (4.19) 
We now compute the leading contribution to this matrix element. 
The Instanton Calculation 

Solutions to the kink equations (4.13) have two collective coordinates. The first, T, 
simply corresponds to the center of the kink in Euclidean time. The other collective 
coordinate is a phase, arising from the action of the U{1)f flavour symmetry on the 
kink: 0i — > e %6 (pi and 02 e~ l9 4>2- This phase takes values in the range 6 G [0,7r) 
since <pi — > —(pi coincides with a gauge transformation. In the instanton calculation we 
must integrate over these collective coordinates with a measure obtained by changing 
variables in the path integral. Explicitly, 




(4.20) 



In the appendix we compute the Jacobian factors qtt = 2mr and gee = 2r/m. 

A similar Jacobian factor arises for the two fermionic zero modes. Both are Goldstino 
modes, arising from the action of supersymmetry on the kink, 

A_ = -i{8 T X)e_ , $ i+ = V2V T 4e_ 
\ + = i{d T X)t + , ^_ = -<s/2P T &e + (4.21) 
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The corresponding contribution to the instanton measure is 

J dfi F = J de_ de + Jp 1 (4.22) 

where the fermionic Jacobian Jp = 2mr is computed in the Appendix. 

Finally, in any semi-classical calculation, one must perform the Gaussian integrals 
over all non-zero modes around the background of the instanton. We are used to these 
cancelling due to supersymmetry [38]. Indeed, the spectra of non-zero eigenvalues of 
AAt and A^A are equal. However, the spectra are also continuous, and the densities of 
eigenvalues need not match. This fact that there is indeed a mismatch in the densities 
manifests itself in the index theorem counting kink zero modes [39]: one must use the 
Callias index theorem, rather than the Atiyah-Singer index theorem. The net result is 
that the Gaussian integrals give rise to a non-trivial contribution in the background of 
the kink 8 . A similar effect was previously seen in instanton calculations in d — 2 + 1 
dimensional theories [40]. The explicit computation of the one-loop determinants is 
relegated to the Appendix. There we show that 



, det AAt 

dets = \ - — .-; = 8m 4.23 
V det 'At A v ; 

where the prime denotes the removal of the zero modes. We are now almost done. 
Putting everything together, the instanton contribution to the matrix element is given 
by 

/= (2|^ 2+ |1) =r J dT J ^±8m\V2V T cl> 2 \ 2 e- 2mr (4.24) 

Here the integral is to be evaluated on the kink solution. In the limit g 2 — > oo, the 
kink equations (4.13) are easily solved. In A = gauge, we have 

1= - VrC = , 2 = - Vre = , X = -Ym l \ ( f )l \ 2 (4.25) 

V V j 

It is now a trivial matter to perform the integral. We find 

/ = Amre~ 2mr (4.26) 

This is merely the leading order correction to the monopole profile. Indeed, this is not 
sufficient to explain the smoothness at the origin (4.9). Further corrections presumably 



8 Essentially the same physics is responsible for the mass renormalization of these kinks in d = 1 + 1 
dimensional theories [41, 42]. 
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arise from higher-loop effects around the background of the kink. It would be interesting 
to understand if the restrictions due to supersymmetry are strong enough to determine 
these corrections exactly 9 . 

Appendix: Instanton Calculus 

In this appendix we collect together the various elements of the instanton computation 
of Section 4. 

Bosonic Jacobian 

The Jacobian for the bosonic collective coordinates is determined by the overlap of 
zero modes. Our first task is to compute these zero modes. The zero modes satisfy the 
linearized Bogomolnyi equations, 

2 

d T (8X) = g 2 J2(8<f> i( f ) l + <f>M) 
z=i 

2 

VMi - iSAofa = - mWi + (A.l) 

1=1 

We must supplement these with a gauge-fixing condition. We choose to work in A = 
gauge, and require, 

2 

T = -d T (5A ) + ig 2 (<f>M - <*M ! ) = (A.2) 
i=i 

The bosonic Jacobian J B is given by the overlap of zero modes, Jb = a/ det g a p with 

f 1 2 

g a p = / dr— (5 a X 5pX + 5 a A 6pA ) + ^ 5^ 5 p) (j)\ (A.3) 

j y i=i 

We now examine each zero mode in turn. 
Translational Mode 

The translational zero modes are given, as usual, by differentiating the kink solution 
with respect to r. If we work in A = gauge, no further compensating gauge trans- 
formation is necessary. We have 

8(f)i = d T (t)i and 5X = d T X (A.4) 

9 Note Added: In subsequent work, we showed that the restrictions due to supersymmetry are 
indeed strong enough to determine the full connection [22]: for the present example, the exact Berry 
connection is given by the BPS 't Hooft-Polyakov monopolc [21]. 
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The normalization is given by 

9tt= fdr \(d T X) 2 + 2J2\VM 2 = 2mr (A.5) 

where, to evaluate the integral, we use the instanton equations (4.13) to express it in 
terms of the Euclidean action of the kink. 

Orientational Modes 

The orientational modes arise from acting on the solution with the U(l)p global sym- 
metry 0i — > e t9 (f)i and 02 —> e~* e 02. These are to be compensated by a gauge transfor- 
mation 1)2 — » e l/3 0i 5 2- The infinitesimal transformations are 

= iOfa + ipfa , 50 2 = -i6<f) 2 + i(3<p 2 , 5X = , 5A = d T (3 (A.6) 

These satisfy the two linearized instanton equations, but the requirement of the gauge 
fixing condition (A. 2) gives us an equation for f3, 

d 2 (3 = 2g 2 ((3 + 6)\<k\ 2 + 2g 2 (P - £)|0 2 | 2 (A.7) 

Noting that this coincides with the second order equation of motion for X, it is once 
again solved by the kink profile: (3 = —9X/m. The normalization is 

gee = fdr \ { -^- + 2(1 - X/m) 2 \<^\ 2 + 2(1 + X/m) 2 |0 2 | 2 = - (A.8) 
J g 2 m 2 m 

where, once again, we employ the instanton equations (4.13) to rewrite the integral as 
the action. 

Fermionic Jacobian 

The two fermionic zero modes carried by the kink arise as Goldstino modes from broken 
super symmetry. Explicitly, they are given by 

A_ = -i(d T X)e_ , $i+ = V2V T (f>U- 
A+ = i(d T X)e + , Vi- = -VZD T <j>ie+ (A.9) 

The fermionic Jacobian J F is computed by the overlap of these modes, 

f 1 

J F = dTde_de + — A_A + + -0j + -0j_ 

J 9 

= I dr \(d T X) 2 + 2\V T fa\ 2 = 2mr (A.IO) 
J 9 
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Determinants 

We will compute the one-loop determinants around the background of the kink. As in 
the main text, we work with the masses m — > (0, 0, m) and in the gauge A = 0. The 
fermionic Dirac operators in the background of the kink are given in (4.15). Performing 
the Gaussian Grassmann integration over A and ipi yields 



det At det'A 

rv = 



det Aj A 



det(AAt)det / (AtA) l 1/2 
det 2 (AtAt) J 



where the prime denotes removal of the zero modes, and A is the vacuum Dirac 
operator, for which AqA = A Aq. To determine the bosonic determinants, we expand 
all fields around the background profile of the kink; 

+ , A ^5A , X ^(5X l7 5X 2 ,X + 5X 3 ). (A.12) 

The fact that the kink solves the equations of motion ensures that terms linear in fluc- 
tuations vanish in the expansion of the action. The terms quadratic in fluctuations split 
into two groups, with no mixing between them. It can be checked that the quadratic 
fluctuation operator for 5<fri and SX 3 coincides with the fermionic operator A^A. (The 
zero modes of this operator are simply the bosonic zero modes discussed above). Mean- 
while, the remaining two scalars 5Xi and SX 2 are governed by the fluctuation operator 
— d 2 + 2g 2 \(pi\ 2 . Thus the Gaussian integration over bosonic fields yields, 

^ _ det(-9 r 2 + 2g 2 r) det(Aj A ) 



det(-Q2 + 2g 2 \cf) i \ 2 ) det'(AtA) 

Finally, we must deal correctly with the gauge symmetry of the theory using the gauge 
fixing condition (A. 2). We implement this through the standard Fadeev- Popov trick. 
Under the gauge transformation 5A = d T a and 5 (pi = iafa, we have 

= -d 2 a + 2g 2 \<f) i \ 2 a (A.14) 

Correspondingly, we introduce ghosts c and c with action 

S ghos t = J drc(-d 2 + 2g 2 \ ( f )l \ 2 )c. (A.15) 

Integrating over the ghosts in the background of the kink, we find 

det(-^ + 2ff 2 |0,| 2 ) 
1 ghost " det(-^ + 2^ r ) ( A - ib j 
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which precisely cancels the contribution due to the 5Xi and 5X 2 scalar fluctuations. 
The upshot of these calculation is that the total determinants are given by 



, det A At 

dets = rvr B r ghost = \/ det , AtA (A.i7) 



as advertised in (4.23). 



The operators AAt and At A share the same spectrum of non-zero eigenvalues, but 
this spectrum is continuous and the densities of eigenvalues differ. This means that the 
ratio of determinants does not cancel. We may calculate this ratio using the technique 
of [40]. We first define the regulated index for the Dirac operator, 

In the limit /z 2 — > 0, X(/x 2 ) computes the index of the Dirac operator A. However, here 
we are more interested in the \i dependence of the index, due to the identity, 



We strip off the two zero modes to get the primed determinant by writing 

det 'A f A = lim At det (A* A + /i 2 ) (A.20) 
which allows us to write our desired ratio of determinants as 



/ det A At / f°° , ,XU' 2 )\ , AM . 

Thus it remains only to compute X(/i 2 ). In fact this calculation was done some time 
ago by Lee to compute the number of zero modes of the most general kinks [39] . (The 
calculation follows closely the index theorem for magnetic monopoles [43]). Lee showed 
that 

X(/i 2 ) = J^— 2 (A.22) 
Evaluating this on (A.21) gives our desired expression for the determinants, 



det 'At A v 1 
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